Abstract. The aim of this paper is to introduce a new family of elliptic curves in the form of y 2 = x(x −a 2 )(x −b 2 ) that have positive ranks. We first generate a list of pythagorean triples (a, b, c) and then construct this family of elliptic curves. It turn out that this new family have positive ranks and search for the upper bound for their ranks.
Introduction
An elliptic curve E over a field F is a curve that is given by an equation of the form (1.1) Y 2 + a 1 XY + a 3 = X 3 + a 2 X 2 + a 4 X + a 6 , a i ∈ F.
We let E(F ) denote the set of points (x, y) ∈ F 2 that satisfy this equation, along with a point at infinity denoted O [4] . In order for the curve (1.1) to be an elliptic it must be smooth, in other words, the three equations (1.2) Y 2 + a 1 XY + a 3 Y = X 3 + a 2 X 2 + a 4 X + a 6 , a 1 Y = 3X 2 + 2a 2 X + a 4 and 2Y + a 1 X + a 3 = 0 cannot be simultaneously satisfied by any (x, y) ∈ E(F ). If Char(F ) = 2, then we can reduce (1.1) to the following form
with the discriminant :
If furthermore the Char(F ) does not divide 6, then we get the simplest form of 
Elliptic curves over Q
M ordell proved that on a rational elliptic curve, the rational points form a finitely generated abelian group, which is denoted by E(Q) [4] . Hence we can apply the structure theorem for the finitely generated abelian groups to E(Q) to obtain a decomposition of E(Q) ∼ = Z r × T ors E (Q), where r is an integer called the rank of E and T ors E (Q) is the finite abelian group consisting of all the elements of finite order in E(Q). In 1976, Barry Mazur , proved the following fundamental result: which shows that there is no points of order 11, and any n ≥ 13. There is an important theorem proved by Nagell and Lutz , which tells us how to find all of the rational points of finite order.
Theorem 2.1. (Nagell-Lutz) Let E be given by y 2 = x 3 + ax 2 + bx + c with a, b, c ∈ Z. Let P = (x, y) ∈ E(Q). Suppose P has finite order, Then x, y ∈ Z and either y = 0 or y|D.
Proof. ( [8] . pp . 56 ).
Theorem 2.2. Let E be given by y 2 = x 3 + ax 2 + bx + c and, P = (x, y) ∈ E(Q). P has an order 2 if and only if y = 0.
Proof. ( [9]. pp .77 ) .
On the other hand, it is not known which values of rank r are possible. The current record is an example of elliptic curve over Q with rank ≥ 28 found by Elkies in may 2006 [2] .
In this Paper we first introduce a family of elliptic curves over Q and show that they have positive rank, then search for the largest ranks possible.
Pythagorean triples
A primitive pythagorean triple is a triple of numbers (a, b, c) so that a , b and c have no common divisors and satisfy
It's not hard to prove that if one of a or b is odd then the other is even, then c is always odd. In general , we can generate (a, b, c) by the following relations:
where (i, j) = 1 and i, j have oppositive parity. The other way to generate (a, b, c) is the following forms:
where i > j ≥ 1 are chosen to be odd integers with no common factors [7] .
The following table gives all possible triples with i, j < 10. 
Structure Of The Curves
First we generate a list of pythagorean triples (a, b, c) with i, j ≤ 1000. This yields a list of 202461 triples. Each (a, b, c) gives rise to the elliptic curve in the form
Then we compute the 2 − selmer ranks of these curves as upper bounds on the Mordell − Weil ranks, finally, by using Mwrank , we can obtain the ranks of corresponding curves.
Results about the new family of curves
Remark 5.1. The elliptic curve in the form y 2 = x(x−a 2 )(x−b 2 ) for any pythagorean triples (a, b, c) is smooth, in fact a = b and both are nonzero.
Remark 5.2. In the equation (4.1), let j be a constant and write (4.1), in the form (1.5). So a and b, are polynomials of i, and their degree are equal to 8 and 12. By [2] , we have r ≤ 2 max{3dega, 2degb} = 48 Lemma 5.3. The elliptic curve in the form (4.1) has four points of order 2.
Proof. It is clear that the points P 1 = (0, 0),
Theorem 5.4. Let E be an elliptic curve defined over a field F , by the equation Proof. Let P = (x, y) ∈ E(Q), such that 4P = O. Then one of following cases must be true.
It turn out that 1 is a congruent number again a contradiction. The case 2P = (b 2 , 0) is similar.
Corollary 5.6. There is a no point of order 8 on (4.1) .
Kubert [5] , showed that if y 2 = x(x + r)(x + s), with r, s = 0 and s = r, then the torsion subgroup is Proof. Choose x = c 2 , then P = (c 2 , ±abc). We show that for each (a, b, c), abc does not divide the discriminant D, where
. Let p is a prime number such that p | c , then p | −4a 2 b 2 , but c is odd, then p = 2 so p | a 2 b 2 and hence p|a or p|b, which is a contradiction. So p = (c 2 , ±abc) has integer coordinate in which y = ±abc does not divide D. Therefore by Nagell − Lutz theorem P does not have finite order. This implies that r ≥ 1.
Numerical Results
After searching through 202461 curves, we found 12 curves with selmer 6. But unfortunately none of them had rank 6. Also we found 831 curves with selmer 5, leading to 52 curves of rank 5. The first curve that generated by first pythagorean triple (3, 4, 5) has rank 1.
In the following table, we listed the curves that have selmer equals to 6, without being able to compute their exact ranks with MWrank. (564831, 171760, 590369)
(549905, 360528, 657553)
(328001, 897120, 955201)
(615477, 397364, 732605) 
(899367, 333544, 959225) Table 6 . Some curves with rank 3,2, and 1.
Introduction
An elliptic curve E over a field F is a curve that is given by an equation of the form
We let E(F ) denote the set of points (x, y) ∈ F 2 that satisfy this equation, along with a point at infinity denoted O [4] . In order for the curve (1.1) to be an elliptic it must be smooth, in other words, the three equations
2 + 2a 2 X + a 4 and 2Y + a 1 X + a 3 = 0 cannot be simultaneously satisfied by any (x, y) ∈ E(F ). If Char(F ) = 2, we can reduce (1.1) to the following form
If furthermore, the Char(F ) does not divide 6, then we get the simplest form of 
Elliptic curves over Q
M ordell proved that on a rational elliptic curve, the rational points form a finitely generated abelian group, which is denoted by E(Q) [4] . Here we can apply the structure theorem for the finitely generated abelian groups to E(Q) to obtain a decomposition of E(Q) ∼ = Z r × T ors E (Q), where r is an integer called the rank of E and T ors E (Q) is the finite abelian group consisting of all the elements of finite order in E(Q). In 1976, Barry Mazur , proved the following fundamental result. The torsion group of every elliptic curve is one of the following 15 cases : This shows that there is no points of order 11, and any n ≥ 13. There is an important theorem proved by Nagell and Lutz , which tells us how to find all the rational points of finite order.
Theorem 2.1. (Nagell-Lutz) Let E be given by y 2 = x 3 + ax 2 + bx + c with a, b, c ∈ Z. Let P = (x, y) ∈ E(Q). Suppose P has finite order, Then x, y ∈ Z and either y = 0 or y 2 |D.
Proof. ( [7] . pp . 56 ).
Proof. ( [8]. pp .77 ) .
Pythagorean triples
where gcd (i, j) = 1 and i, j have oppositive parity.
Structure Of The Curves
First we generate a list of primitive pythagorean triples (a, b, c) with i, j ≤ 1000. This yields a list of 202461 triples. Each (a, b, c) gives rise to the elliptic curve in the form (4.1)
Relation Between Euler's Concordant forms and elliptic curves
In 1780, Euler asked for a classification of those pairs of distinct non-zero integers M and N for which there are integers solutions (x, y, t, z) with xy = 0 to the system of equation
One can consider Euler's problem as the problem of the study of the elliptic curve over Q. i.e :
A solution to (5.1) is primitive, if x, y, t, and z are positive integers and gcd(x, y) = 1. If E Q (M, N ) has positive rank, then there are infinity many primitive integer solutions to (5.1) [5] . If E Q (M, N ) has rank 0, then (5.1) has a solution if and only if the torsion group is
We can let the gcd(M, N ) be a square-free integer, also we can show that
. Therefore without loss of generality assume that M and N are both positive integers. So in (5.2), if we let M = −a 2 and N = −b 2 , where
which is in the form of (4.1). Therefore if we can prove (4.1) has a positive rank or has either a torsion group of
, then it turns out that in this case (5.1), has infinity many solutions. But as we shall see, (4.1) has the torsion group of ii) The torsion subgroup of
where (u, v, w) forms a pythagorean triple.
iii) The torsion subgroup of 
iv) In all other cases, the torsion subgroup of
E Q (M, N ) is Z 2Z ⊕ Z 2Z Proof. ( [6] )
Results About The New Family Of Curves
Remark 6.1. For any pythagorean triple (a, b, c),the elliptic curve in the form
2 ) is smooth. In fact a = b and both are nonzero.
Remark 6.2. In [3] , Fouvry and Pomykala lead to an interesting result which is following. Let E be an elliptic curve in the form (6.1)
where a(t), b(t) ∈ Z[t]. Then the average rank of E is bounded by 2 max{3deg a, 2deg b}. Therefore if we change (4.1) to the (5.1) and let one of the i or j be constant, we would have a and b the polynomials with degree 8, 12 . So we have r ≤ 2 max{3dega, 2degb} = 48. Proof. It is clear that the points P 1 = (0, 0),
Theorem 6.4. Let E be an elliptic curve defined over a field F , by the equation Proof. Let P = (x, y) ∈ E(Q), such that 4P = O. Then one of following cases must be true.
If 2P = (0, 0), then −a 2 and −b 2 , are squares, which is a contradiction. If 2P = (a 2 , 0), then a 2 − b 2 is a square. So we have, 2 − a 2 is odd, then B must be odd. Since gcd (a, b) = 1 we have gcd (A, B) = 1. b 2 = A 3 (A + 2B) so a = t 2 and A + 2B = s 2 where t, s ∈ Z. Because A is even, so A + 2B = s 2 is as well, thus A + 2B ≡ 0(mod 4), in other hand A is even and square, thus A ≡ 0 (mod 4), which means that 2 | B which is a contradiction. Now let b is odd, we conclude that both of A and B are odd. So A + 2B = s 2 is odd and then s 2 ≡ 1(mod 4) and a ≡ t 2 ≡ 1(mod 4), then we have B ≡ 0(mod 2), which is again a contradiction.
Lemma 6.8. For each pythagorean triple (a, b, c) , the elliptic Curve
Proof. Choose x = c 2 , then P = (c 2 , ±abc). We show that for each (a, b, c), abc does not divide the discriminant D, where
. Let p is a prime number such that p | c , then p | −4a 2 b 2 , but c is odd, then p = 2 so p | a 2 b 2 and hence p|a or p|b, which is a contradiction. So p = (c 2 , ±abc) has integer coordinate in which y = ±abc does not divide D. Therefore by Nagell − Lutz theorem P does not have finite order. This implies that r ≥ 1. 
Numerical Results
After searching through 202461 curves, we found 12 curves with selmer 6. But none of them had rank 6. Also we found 834 curves with selmer 5, leading to 53 curves of rank 5. The first curve that generated by first pythagorean triple (3, 4, 5) has rank 1.
In the following 2 ≤ r ≤ 6 +89987080452485248355904x Table 3 . The curves with selmer-rank 6. Table 7 . Some curves with rank 3,2, and 1.
